Abstract-General relativity and quantum mechanics are perhaps the two most successful theories of the XX th century. Despite their impressive accurate predictions, they are both valid at their own scales and do not seem to be expressible using the same framework. It is commonly accepted that in order to create a consistent theory of both quantum mechanics and gravity, it is required to quantize the gravitational field.
Introduction
Quantum gravity designates a research program that aims to find a theory that unifies quantum mechanics and gravity. It is widely accepted that quantizing gravity is a requirement for such a theory. However, quantizing gravity proves to be a most challenging task, and as of today, there exists no fully consistent theory of quantum gravity. For a recent analysis of the difficulties encountered when attempting to quantize gravity, as well as a historical presentation, see for instance [3, 13] .
The modern theory of gravity is fully classical. It is encoded by the Hilbert-Einstein action
When (1) is varied with respect to g µν , one recovers the Einstein field equations
In (1) and (2) , R µν is the Ricci tensor, R is the scalar curvature, κ = 8πG/c 4 is a constant, L M is the matter part of the Lagrangian, and T µν = −2 δL M δg µν + g µν L M is the stress-energy tensor (see for instance [10] ). It is a common practice to construct a quantum theory by quantizing a classical theory. For instance, quantizing the norm of the 4-momentum
leads to the Klein-Gordon equation. This is done by recasting p µ as the operatorP µ = i ∂ µ acting on Ψ. One then obtains
which is indeed the Klein-Gordon equation, describing a scalar field (see for instance [8] ). Hence if one wishes to build a theory of quantum gravity, it seems that the natural way to do so is to quantize the Einstein field equations.
Except if gravity is already a quantum theory. Clearly, the last sentence may appear as an absurdity. However, work by Santamato [14] [15] [16] show that quantum effects can be considered as purely geometric. Quantum mechanics is described as classical mechanics in a non-Euclidean geometry. The quantum effects appear as a subtle interplay between the particles and the structure of spacetime. We hence recover the idea from John Archibald Wheeler that "spacetime tells matter how to move; matter tells spacetime how to curve".
With this in mind, the assertion that gravity may be a quantum effect is no longer absurd. The aim of this paper is precisely to show that the Einstein field equations, in fact, emerge from the Lagrangian of geometric quantum mechanics.
The rest of the paper is as follows. In Section 2, we briefly introduce Santamato's geometric version of the Klein-Gordon equation. We also take some time to show that the spacetime remains Riemannian. In Section 3, Santamato's action is slightly modified to make it well defined on the whole spacetime. Then, the Einstein field equations are derived from this modified action. In Section 4, we discuss some implications of the present theory. The microscopic and macroscopic limits are found. Finally, we argue that a clear ontology for quantum effects is required. We conclude in Section 5 where we mention some perspectives and future work.
Santamato's geometric Klein-Gordon equation
In a series of papers, Santamato presented a geometric formulation of quantum mechanics, first for the Schrödinger equation [14] then for the Klein-Gordon equation [15, 16] . More recently, Santamato and De Martini extended this geometric approach of quantum mechanics for 1/2 spin particles [18] . The present work is solely concerned with the geometric Klein-Gordon equation. The case of spin particles is left for future work.
In Santamato's formulation, quantum mechanics emerges as classical mechanics in a Weylian spacetime [19] . However, as it is discussed in Section 2.1, we already stress that the underlying of spacetime remains Riemannian. In the present section, we briefly summarize Santamato's theory of spinless relativistic quantum mechanics [15, 16] . For a concise introduction of Weylian geometry, see for instance Section 2 of [12] .
The basic idea of Weylian geometry is that when a vector is parallel transported, not only its orientation but also its length is allowed to change. Under a parallel transport, the length of a vector ξ is changed by
where φ µ is a geometrical field called Weylian potential. The Weylian affine connexion is given by
where { λ µν } are the Christoffel symbols. Another important feature of Weylian geometry is the invariance under a conformal gauge transform. This aspect is discussed in Section 2.1 where it allows one to show that the geometry of spacetime remains Riemannian.
In [16] , the following Lagrangian for a spinless particle is presented (assuming there is no external field, i.e., the particle is free)
where m is the mass of the particle, γ = 1/6 and R is the spacetime scalar curvature. From this results a family of hypersurfaces S(x) = constant, where S(x) obeys the Hamilton-Jacobi equation
A congruence of curves intersect the family of hypersurfaces S,
A probability current density j µ is associated with the congruence of curves, and is given by
with some ρ > 0. The current j µ is a conserved quantity
Santamato obtains the spacetime affine connection from the Lagrangian (7) by varying the action with respect to the fields Γ λ µν . In order to do so, the action is put into the four-volume integral
where Ω is the spacetime region occupied by the particle. The affine connexion is found to be the Weylian connexion (6) with the Weylian potential φ µ = ∂ µ ln(ρ). Hence, the positive scalar ρ is a geometrical field. The equivalence between Santamato's geometric quantum mechanics (GQM) and the Klein-Gordon equations is shown in [16] . We briefly present it here for the sake of completeness. First notice that inserting Ψ = √ ρ exp{−iS/ } in Equation (4) and separating real and imaginary parts, the Klein-Gordon equation
Second, we show that equations of Santamato's GQM lead to Equations (13) and (14). The scalar curvature R is given by [20] 
where R m is the Riemannian scalar curvature, i.e., the scalar curvature constructed from the Christoffel symbols. Considering a reference frame where g µν is the Minkowski metric η µν , (15) reads
Inserting (16) into (8) yields the second Klein-Gordon equation (14) . Furthermore with g µν = η µν , (11) and (10) is just the first Klein-Gordon equation (13).
Riemannian gauge
An important property of Weyl geometry is that it is invariant under the conformal change
as long as the Weyl potential is simultaneously changed to
The simultaneous transforms (17) and (18) are referred to as gauge transform. Since for GQM, the Weyl potential is given by a total derivate, φ µ = ∂ µ ln(ρ), we can impose Λ(x) ,µ = ∂ µ ln(ρ) so that the Weylian potential is zero everywhere. According to (17) , the metric becomes
Since in this gauge, the Weylian potential is zero everywhere, the connexion is then fully determined by the Christoffel symbols and the geometry is Riemannian. Hence, we refer to the choice Λ(x) ,µ = ∂ µ ln(ρ) as the Riemannian gauge.
We note that if ρ = 0, then the metric vanishes. This implies that ρ > 0 everywhere. In the Riemannian gauge, the scalar field ρ is considered as a conformal factor defined on the whole spacetime.
It is important to stress that indeed the geometry is left unchanged in the Riemannian gauge. That is readily seen by computing the Christoffel symbols with g αβ = ρe kḡ αβ . This yields
where x ,ν = ∂ ν x andΓ ρ σν are the Christoffel symbols constructed withḡ αβ . One can see that the Riemannian connexion is the same as (6) .
The connexion can be thought as having two components. First the metrical componentΓ ρ σν and then a scalar field component
σν . Since the scalar field component depends on the conformal factor ρ, this component is also referred to as the conformal component.
Derivation of the Einstein field equations
In the present work, we modify the action (12) into
where f (x) is a function that encodes the presence/absence of particles. The precise form of f (x) is intentionally left unspecified and will be briefly discussed in Section 5. The introduction of f (x) allows the action (19) to be integrated on all spacetime and not only on Ω.
With the action (19), Equation (8) becomes
As it is done with the Hilbert-Einstein action, the action (19) is now varied with respect to g µν .
Inserting the value of j α j α from Equations (10) and (20), i.e.,
where we used δ δg µν ρ 2 = 0. We have that δg = gg µν δg µν and that g µν δg µν = −g µν δg µν . Combining the two yields δ δg µν (−g) = −(−g)g µν . Inserting this into B yields
Inserting the value of B into the variation yields
Requiring that the action is stationary with respect to variations of g µν leads to
where we setκ = c 2 2 andT µν = 2m 2 c 2 δ δg µν f (x) − g µν m 2 c 2 f (x) .
Units and constants
Equation (21) resembles the Einstein field equations. We note that bothκ andT µν do not have the units of κ and T µν respectively. The stress-energy tensor T µν has units of MT −2 L −1 and the constant κ has units of L −1 M −1 T 2 . We readily check that Equations (1) and (2) are consistent since κT µν has units of L −2 , which are the units of both the Riemannian tensor and the curvature scalar. Furthermore, we notice that for (19) and (20) to be consistent, f (x) must be unitless. This implies thatT µν has units of M 2 and it is thus not a stress-energy tensor. However, its definition is similar to the definition of the stress-energy tensor. We wish to make this similarity clearer. To that end, we use the Planck units to change the units ofT µν into the ones of T µν .
We multiplyT µν by m
P (8π) −1 where m P , t P , and l P are respectively the Planck mass, the Planck time, and the Planck length. They are given by [11] m P = c G ,
In order for Equation (21) to remain consistent, we multiplyκ by 8πm P · t 2 P · l P . Thenκ becomes
Equation (21) now reads R µν − g µν
µν , we recover the Einstein field equations. We can summarize the result of the present section as
This is a striking and rather astonishing result as we recovered the Einstein field equations from the action of relativistic GQM. This indicates that gravity and quantum effects would in fact be one and the same. Quantum mechanics could be considered as gravity at the microscopic level. Or one could argue that gravity can be thought as a macroscopic manifestation of quantum effects.
Discussion
We now consider some important aspects of the present theory. First, the microscopic and macroscopic limits are considered. Second, we argue that an epistemological analysis of the physical world is required. Indeed, in a physical theory that includes both quantum mechanics and gravity, concepts such as trajectories must have a precise meaning. The Heisenberg uncertainty principle is also briefly discussed.
Microscopic and macroscopic limits
The minimal requirement of a new physical theory is that experimentally well established theories are recovered as limiting cases. With this in mind, one expects to recover both regular quantum mechanics and general relativity as the microscopic and macroscopic limits of the following equations
Concerning the microscopic limit, we argue that most quantum experiments are performed in local reference frames of small laboratories on Earth. Because of the equivalence principle, it is always possible to choose coordinates such that the metric is locally flat.
This implies that for all practical purposes of the quantum experiment, one can consider that the metric is the Minkowski metric. We already showed that in this case, (26) and (27) yield the Kelin-Gordon equation.
As for (28), we show that it trivially holds with a Minkowski metric and thus we can ignore (28) all together. The argument goes as follows. First, observe that δf δη µν = 0. Second, injecting (26) into (28) with g µν = η µν yields
Third, re-injecting (31) onto (28) gives
which is simply (26) multiplied by η µν . Hence, in flat space, (28) is implied by (26) and we thus fully recover "regular" spinless relativistic quantum mechanics. In the macroscopic world, it is not possible to choose a reference frame such that the metric is flat everywhere. This implies that (28) holds, as expected at a macroscopic scale. Since the macroscopic limit is generally given by → 0, (26) becomes
which is the classical Hamilton-Jacobi equation in a spacetime with metric g µν . Hence, both microscopic and macroscopic limits are recovered from the present theory. However, there is an obvious physical difficulty that was not discussed. Indeed, quantum mechanics is usually considered as a random theory and, in particular, trajectories are not well defined. These aspects of quantum mechanics are known to be problematic when considering the macroscopic limit. Indeed macroscopic bodies possess well defined, deterministic trajectories. The aim of the next section is to shed some light on this apparent shortcoming. This is done mostly by linking the present theory to the Bohmian interpretation of quantum mechanics (see for instance [7] ).
Trajectories, uncertainty: a case for Bohmian mechanics
In the Copenhagen interpretation of quantum mechanics, particles properties such as position and momentum do not have a precise meaning until a measurement is made. It is often argued that this is how the quantum world works and it does not in fact matter. After all the quantum world does not have to be explained by our classical intuition. As long as the classical and quantum worlds do not coexist within a theory, trying to make sense of quantum mechanics in terms of particle trajectories may indeed appear as unnecessary.
In the present theory however, there is no clear distinction between the classical and the quantum worlds. Since the Einstein field equations are recovered from quantum mechanics, the evolution of the universe can be accounted for by the same set of equations that describe the mechanics of particles (at least of spin 0). It then becomes clear that for such a theory to be consistent, the concept of quantum trajectories must be clarified. Also since it is not clear what the measurement process would be at the cosmological scale, one must take care of the quantum measurement problem.
Making sense of quantum mechanics is a task that is well beyond the scope of the present manuscript. Fortunately, there is no need to make sense of quantum mechanics since it has already been done. Indeed, Bohmian mechanics is a fully consistent theory that does not suffer from regular quantum paradoxes. All that needs to be done is to express the present theory in Bohmian terms and we then know that all the quantum effects can be consistently explained.
Since the present theory is relativistic, we will link it to relativistic Bohmian mechanics. However, Bohmian mechanics is manifestly non-local 2 and these non-local effects require some notion of simultaneity. This need of an expression of simultaneity is the motivation behind the Bohm-Dirac hypersurface model [6] . Dürr et al. first introduce a foliation of spacetime by equal-time hypersurfaces Σ such that the particles trajectories are perpendicular to these hypersurfaces. Then they argue that the instantaneous piloting of the particles by the wavefunction operates on these timelike hypersurfaces. In this settings, the particles motion is orthogonal to the hypersurface. The Bohm-Dirac hypersurface model is Lorentz invariant by construction.
However, in [6] , there is no physical explanation for the source of the foliation. Dürr et al. discuss a few possibilities but the question of the origin of the foliation remains unanswered. They merely point out that if one accepts such hypersurfaces, they allow to express Bohmian mechanics in a Lorentz compatible way. In this setting, the k th particle follows the trajectory
where
µ is perpendicular to the hypersurface and n µ is the unit vector normal vector of the hypersurface at the particule location.
To make clear the correspondence between Bohmian mechanics and GQM, we first point out that the scalar curvature given by (16) is the relativistic version of the quantum potential introduced by Bohm in his seminal paper [2] . In Santamato's work, the current j (k) µ is by construction perpendicular to the hypersurface S. We can thus write n µ as
Then equation (9) becomes dX
Now, injecting the current from j µ (10) onto equation (34), we get:
where | (k) means that the expression is evaluated at the location of the k th particle. We see that (35) is the same expression as the congruence of curves (9) evaluated at the location of the particle. Hence relativistic Bohmian mechanics and Santamato's GQM appear to be equivalent.
Concerning the uncertainty principle, Santamato gave it a geometric meaning in [17] . A thorough analysis of Santamato's geometric incertitude principle is beyond the scope of the current work. However, it can be loosely stated as follows: the notion of length is modified by the presence of particles, hence it makes it impossible to measure positions with an infinite precision.
The uncertainty principle is then a consequence of our inability to measure a particle state precisely. Bohmian mechanics offers the same view of the uncertainty principle. This reinforces the equivalence between Bohmian mechanics and Santamato's GQM and we can argue that the present theory has a well-defined macroscopic limit.
Conclusion
In this paper, we recovered the Einstein field equations from Santamato's geometric quantum mechanics. We derived the expected microscopic and macroscopic limits. We then pointed out that a clear ontology was required. We argued that linking the present theory to relativistic Bohmian mechanics provided the needed ontology.
In the present work, we solely considered spinless particles and extending the present theory to particles with spin would be an important next step. One way to do so would be to start with Santamato and De Martini work of 1/2 spin particles [18] . Interestingly, they suggest that non-local effects are due to the interplay between the particles and the Weylian curvature scalar [4] . Further investigations will most likely reveal interesting and perhaps unexpected properties of particles as well as their interactions with spacetime.
Another very important extension of the present work would be the derivation of a geometric version of quantum field theory. In this derivation, the precise form of f (x) should be made clearer. It could for instance be linked to the creation and annihilation operators. This is however well beyond the scope of the present paper.
And last but not least, it would be interesting to explore the implications -if any -of the present theory in cosmology. For instance the work [12] and [5] showed that, when working in the Riemannian gauge, the universe can be considered as static. In that setting, the apparent inflation of the universe can be attributed to the fact that matter is continuously shrinking. It could be interesting to explore whether the observed acceleration of the expansion of the universe can be explained by this view. Indeed, one could argue that as time goes by, clusters of matter shrink, thus appearing to be further away. Hence, the attraction between two such clusters decreases with time, making the shrinking faster. This is however quite speculative and a thorough analysis of the cosmological implications of the present theory is required.
